
 

1oÙ!VÇ4�½n

§4.1 �ÅS��Âñ5

�.: pΩ,F , P q. ��/:: ω P Ω.

�ÅCþS�,

ξn : Ω Ñ R, n “ 1, 2, ¨ ¨ ¨ , η : Ω Ñ R.

��/�O�VÇ�0¯�: �½ε ą 0, é?¿n,

An “ An,ε :“ t|ξn ´ η| ě εu “ tω : |ξnpωq ´ ηpωq| ě εu.

½Â1.1. e

lim
nÑ8

P p|ξn ´ η| ě εq “ 0, @ε ą 0,

K¡ξn �VÇÂñuη, P�ξn
P
Ñ η.
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��/Ã{O�VÇ�0¯�:

A :“ t lim
nÑ8

ξn “ ηu “ tω : lim
nÑ8

ξnpωq “ ηpωqu.

½Â1.2. e

P
´

lim
nÑ8

ξn “ η
¯

“ 1

K¡ξn A�7,Âñuη, P�ξn
a.s.
Ñ η.
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vk'��ÅCþ��¯�.

��/�x©Ù(¼ê)�0¯�:

tξn ď xu, n “ 1, 2, ¨ ¨ ¨ .

½Â1.3’. e

lim
nÑ8

P pξn ď xq “ Φpxq, @x P R,

�η „ Np0, 1q, K¡ξn �©ÙÂñuη, P�ξn
d
Ñ η.

½Â1.3. e

lim
nÑ8

Fξnpxq “ Fηpxq, @x P CpFηq,

K¡ξn �©ÙÂñuη, P�ξn
d
Ñ η.
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 ½n1.1. eξn
a.s.
Ñ η, Kξn

P
Ñ η.

-An “ t|ξn ´ η| ě εu, K(Ø\y²/�É)

ξn
a.s.
Ñ η ��=� P

˜

8
ď

m“n

Am

¸

nÑ8
ÝÑ 0, @ε ą 0,

ξn
P
Ñ η ��=� P pAnq

nÑ8
ÝÑ 0, @ε ą 0.

~1.1 L²ξn
P
Ñ η ØUíÑ ξn

a.s.
Ñ η.

½n1.2. eξn
P
Ñ η, Kξn

d
Ñ η.

~1.2 L²ξn
d
Ñ η ØUíÑ ξn

P
Ñ η.
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b�X1, X2, ¨ ¨ ¨ ´�ÅCþS�, -

Sn “ X1 ` ¨ ¨ ¨ `Xn.

½Â1.4. eEXn, n “ 1, 2, ¨ ¨ ¨ Ñ�3, �

1

n
pSn ´ ESnq

P
Ñ 0,

K¡X1, X2, ¨ ¨ ¨ Ñl(f)�êÆ(Weak Law of Large

Numbers, WLLN).

½Â1.5. eEXn, n “ 1, 2, ¨ ¨ ¨ Ñ�3, �

1

n
pSn ´ ESnq

a.s.
Ñ 0,

K¡X1, X2, ¨ ¨ ¨ Ñlr�êÆ(SLLN).
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½Â1.6. eEXn, varpXnq, n “ 1, 2, ¨ ¨ ¨ Ñ�3, varpXnq Ø

��0, �

S˚n “
Sn ´ ESn
a

varpSnq

d
Ñ Z „ Np0, 1q,

K¡X1, X2, ¨ ¨ ¨ Ñl¥%4�½n(Central Limit Theorem,

CLT).

½Â1.7. eé?¿n ě 2 ÑkX1, ¨ ¨ ¨ , Xn �pÕá, K

¡X1, X2, ¨ ¨ ¨ �pÕá.

eX1, X2, ¨ ¨ ¨ �pÕá, �Xn
d
“ X1, @n ě 2, K

¡X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, P�i.i.d. (independent and

identically distributed).
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§4.2 �êÆÚr�êÆ

½n (Chebyshev’s WLLN, ½n2.1)

b�X1, X2, ¨ ¨ ¨ �pÕá, �varpXiq ďM , @i. @o,

1

n
pSn ´ ESnq

P
Ñ 0.

ξn “
1
npSn ´ ESnq, η “ 0.

-An “ t|
1
npSn ´ ESnq| ě εu. I�yP pAnq Ñ 0.

d�'ÈÅØ�ª,

P pAnq “P p|Sn ´ ESn| ě nεq ď E
pSn ´ ESnq

2

pnεq2

“
varpSnq

pnεq2
ď

nM

n2ε2
“
M

ε2
¨

1

n
Ñ 0.

“�pÕá”�~f�“üüØ�'”.
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íØ2.1. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, varpX1q ă 8, K

Sn
n

P
Ñ EX1.

íØ2.2. ügÁ�¥A u)�VÇ�p, K

n gÁ�¥A u)�ªÇ
P
Ñ p.

~2.1. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, �Ý�ppxq “ 1
πpx2`1q

.

Ø\y²/�É: Sn
n �X1 k�Ó��Ý. u´,

P

ˆˇ

ˇ

ˇ

ˇ

Sn
n
´ a

ˇ

ˇ

ˇ

ˇ

ą ε

˙

“ P p|X1 ´ a| ą εq Øªu0.
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½n (Cantelli’s SLLN, ½n2.2, Ún2.1)

b�X1, X2, ¨ ¨ ¨ �pÕá, EXi �3, �EpXi ´ EXiq
4 ďM ,

@i. @o,
1

n
pSn ´ ESnq

a.s.
Ñ 0.

Ø��EXi “ 0. ÄKòXi ´ EXi À�#�Xi.

PAm “ t|
1
mSm| ě εu. K=I�yP p

Ť8
m“nAmq Ñ 0.

g���\5:

P

˜

8
ď

m“n

Am

¸

ď

8
ÿ

m“n

P pAmq.

4 �/�'ÈÅ0Ø�ª:

P pAmq “ P
`

S4
m ě pmεq

4
˘

ď
1

m4ε4
ES4

m.
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Ðm:

ES4
m “ E

˜

m
ÿ

i“1

Xi

¸4

“

m
ÿ

i,j,k,`“1

EXiXjXkX`.

Óa�: r, s, t, u pØ��,

EX4
r , EX

3
rXs, EX

2
rX

2
s , EX

2
rXsXt, EXrXsXtXu.

EXs “ 0 ñ EX3
rXs “ EX2

rXsXt “ EXrXsXtXu “ 0.

EX4
r ďM , �

EX2
rX

2
s “

`

EX2
r

˘ `

EX2
s

˘

ď
a

EX4
r

a

EX4
sďM .

u´,

ES4
m ď mM ` C2

mC
2
4M ď 3m2M.

ñP pAmq ď
3M

ε4
ˆ

1

m2
ñ P

˜

8
ď

m“n

Am

¸

Ñ 0.
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íØ2.3. �X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, EX4
1 �3,

KSn
n

a.s.
Ñ EX1.

íØ2.4. üg�Á�¥¯�A u)�VÇ�p. 3ÕáE

Á�¥, cn gÁ�¥A u)�ªÇ
a.s.
Ñ p.

½n2.4. (Kolmogorov’s SLLN). b�X1, X2, ¨ ¨ ¨ ÕáÓ©

Ù, Ï"�3, K 1
nSn

a.s.
Ñ EX1.

�m²þ= �m²þ, (Ï"�¹Â).
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 A^(1): ÚO�{�nØ�â.

êâ: X1, ¨ ¨ ¨ , Xn �X �n gÕá*ÿ�, §�ÕáÓ©Ù.

�OÏ":

X̄ :“
1

n
pX1 ` ¨ ¨ ¨ `Xnq

a.s.
Ñ EX.

�O��:

1

n

n
ÿ

i“1

`

Xi ´ X̄
˘2
“

1

n

n
ÿ

i“1

X2
i ´

`

X̄
˘2 a.s.
Ñ EX2´pEXq2 “ varpXq.
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A^(2): O�Å�[Ï"!VÇ.

~2.3. �km q��Ó��Â, 1i q��á:�pxi, yiq,

ϕpx1, y1; ¨ ¨ ¨ ;xm, ymq “

#

1, eá:E¤k�¤ú;

0, ÄK.

�1i q���¤O:�pai, biq, ¢Sá:pXi, Yiq.

�.b�: X1, ¨ ¨ ¨ , Xm;Y1, ¨ ¨ ¨ , Ym �pÕá, �

Xi „ Npai, σ
2
1q, Yi „ Npbi, σ

2
2q.

SLLN:

P
`

ϕpX1, Y1; ¨ ¨ ¨ ;Xm, Ymq “ 1
˘

«
1

n

n
ÿ

k“1

ϕ
´

X
pkq
1 , Y

pkq
1 ; ¨ ¨ ¨ ;Xpkqm , Y pkqm

¯

.
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A^(3): �OÈ©I “
şb
a fpxqdx.

I “
ş1
0 f

`

a` pb´ aqu
˘

pb´ aqdu, ÏdØ�b�a “ 0, b “ 1.

I “
ş1
0 fpxq¨1dx “ EfpUq.

SLLN:

I «
1

n
pfpU1q ` ¨ ¨ ¨ ` fpUnqq .
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§4.3 ¥%4�½n

½n3.1(Linderberg-Levy CLT). b�X1, X2, ¨ ¨ ¨ ÕáÓ©

Ù, 0 ă varpX1q ă 8. @o,

S˚n
d
Ñ Z „ Np0, 1q.

A^:

P pSn ď xq “ P pS˚n ď x˚q « Φpx˚q “: p,

Ù¥,

x˚ “
x´ nµ
?
nσ

. pµ “ EX1, σ
2 “ varpX1q.q
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~3.1. \{ìÓ�Â�20 �D(>ØVk, k “ 1, ¨ ¨ ¨ , 20, §�Õ

áÓ©Ù, V1 „ Up0, 10q. PV “
ř20
k“1 Vk, ¦P pV ą 105q.

dK®�n “ 20, x “ 105, ¦p.

EV1 “ 5, varpV1q “
102

12 .

�âCLT,

P pV ą 105q “ P pV ˚ ą x˚q « 1´ Φpx˚q “: p,

Ù¥,

x˚ “
105´ 20 ˚ 5
b

20 ˚ 100
12

.

O��x˚ « 0.387. �L�Φpx˚q “ 0.652,

l¤¦�p “ 1´ 0.652 “ 0.348.
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~3.2. À,k500m��, zmk��2Z���N. \4Ç

�80%. ¯: Iõ�Z��>åUk99% �rº�y>åv
?

®�n, p, ¦x. b�Jøx Z�.

Ai “ 1i m�m�N, P pAiq “ 80%, Xi “ 2ˆ 1Ai . n “ 500.

EX1 “ 2ˆ 0.8 “ 1.6, varpX1q “ 22 ˆ 0.8ˆ 0.2 “ 0.64.

�¦x ÷v: P pSn ď xq ě 99% “ p. �âCLT, �¦

P pS˚n ď x˚q « Φpx˚q ě 0.99,

Ù¥

x˚ “
x´ 500ˆ 2ˆ 0.8

?
500ˆ 22 ˆ 0.8ˆ 0.2

.

�L�Φp2.33q “ 0.99. =, �¦x˚ ě 2.33.

=, �¦x ě 800` 2.33 ˚
?

320 “ 841.68, lI842 Z�.
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~3.3. x�rÝY „ Np300, 40q (ü : ë), ��²þþ�5,

���2. ¯: ��yxØÑ¯K�VÇØ�u0.99997, �õ#N

3xþÓ�Ñyõ�ý�?

®�x, p “ 0.99997, ¦n.

b�kn ý�3xþ, 1i ý�þ�Xi.

�.b�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, ��Y �pÕá.

PSn “ X1 ` ¨ ¨ ¨ `Xn, �yP pSn ď Y q ě 0.99997.

�âCLT 9Õá5, Cq/,

Sn´Y „ Np5n´ 300, 2n` 40q. Ïd, -0˚ “ 0´p5n´300q
?
2n`40

, k

P pSn ď Y q “ P pSn ´ Y ď 0q « Φp0˚q.

�¦Φp0˚q ě 0.9997, �L�0˚ ě 4, =, ´p5n´300q?
2n`40

ě 4,

)�n ď 50.5. l, �õÓ�50 ý�.
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